BIPARTITE EULER SYSTEMS 



BENJAMIN HOWARD 



Abstract. If E is an elliptic curve over Q and K is an imaginary quadratic 
field, there is an Iwasawa main conjecture predicting the behavior of the Selmer 
group of E over the anticyclotomic Z p -extension of K. The main conjec- 
ture takes different forms depending on the sign of the functional equation of 
L(E/K, s). In the present work we combine ideas of Bertolini and Darmon 
with those of Mazur and Rubin to shown that the main conjecture, regardless 
of the sign of the functional equation, can be reduced to proving the nonvan- 
ishing of sufficiently many p-adic L- functions attached to a family of congruent 
modular forms. 



1. Introduction 

Let E be an elliptic curve over Q with conductor N, and let K be a quadratic 
imaginary field of discriminant dx prime to N with quadratic character e. By work 
of Gross and Zagier, the sign of the functional equation of L(E/K,s) is equal to 
—e(N), For a rational prime p \ GdfcN at which E has good ordinary reduction, 
let Doo/K be the anticyclotomic Z p -extension of K . The behavior of the Selmer 
group Selpoo (E/Doo) depends crucially on the value of e(N): if e(N) — 1 then it 
is conjectured that the Pontryagin dual, X, of Sel p <x>(E/D 00 ) has rank one over 
the Iwasawa algebra A = Z p [[Gal(Z? 00 )/X]] and that the characteristic ideal of 
the torsion submodule can be expressed in terms of Heegner points arising from a 
Shimura curve paramctrization of E. We call this the indefinite case. In the definite 
case, e(N) = —1, it is conjectured that X is a torsion A-module with characteristic 
ideal given by a p-adic L-function. We refer to these two conjectures collectively as 
the Iwasawa main conjecture. 

Much is known about the Iwasawa main conjecture, see [TJ [Si [9] for the indefinite 
case and [2] for the definite case. In particular, in either case one knows that the 
rank of X is as predicted above, and one knows one divisibility of the conjectured 
equality for the characteristic ideal of the torsion submodule (in the indefinite case 
this is conditional on as yet unpublished work of Cornut and Vatsal generalizing 
the main result of [4 to Heegner points on Shimura curves attached to indefinite 
quaternion algebras, see the main results of [9]). The goal of the present article is 
to demonstrate that the methods used by Bertolini and Darmon [2] to treat the 
definite case can be used give a uniform treatment of the two cases, and to develop 
a criterion to determine when the known divisibility is actually an equality. We 
do this by developing a theory of bipartite Euler systems similar in spirit to Mazur 
and Rubin's [10] theory of Kolyvagin systems, but adapted to fit the family of 
cohomology classes constructed by Bertolini and Darmon. 
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Bertolini and Darmon's construction is, roughly speaking, as follows. Let / be 
the modular form of level N attached to E. For a choice of positive integer k 
one can define a set of admissible primes all of which are inert in K, with 
the property that for any n £ 9t& (the set of squarefree products of primes in 
£fc) there is a modular form /„ of level nN which is congruent to / modulo p , 
This modular form comes to us via a generalization of Ribet's well-known level 
raising theorem. Define a graph whose vertices are the elements of 91^ with edges 
connecting n to nl for each coprime n £ 91^ and £ £ £&. A vertex n is said to be 
either definite or indefinite depending on whether e(nN) is —1 or 1, respectively, and 
this defines a bipartition of the graph: every edge connects a definite vertex to an 
indefinite vertex. At an indefinite vertex the modular form /„ allows one to define 
a cohomology class n n £ fim ; H 1 (D r / 'K, E[p k ]), which arises as the Kummer image 
of Heegner points on the abelian variety attached to /„ . At a definite vertex one can 
attach to /„ a p-adic L-function A„ £ A/p k A. There are reciprocity laws relating 
the elements at any two adjacent vertices; these reciprocity laws are examples of 
Jochnowitz congruences in the sense of [3]. The pair of families 

{n n I n £ Dlfc, n indefinite} {A n | n £ 9tfe, n definite} 

is then our prototype of a bipartite Euler system. Our main result asserts that 
the existence of a bipartite Euler system implies one divisibility of the Iwasawa 
main conjecture, and if one can prove sufficiently many nonvanishing theorems for 
the p-adic L-functions A„ then equality holds in the Iwasawa main conjecture. To 
emphasize, this approach treats the definite and indefinite cases on completely equal 
footing. The precise statement is given in Theorem 13. 2. 31 

The reader is referred to [2] for the details of the construction sketched above. 
In the present article we simply assume that a pair of families satisfying the ap- 
propriate axioms is given. It should be noted that Bertolini and Darmon do not 
construct enough classes to provide an Euler system in our sense. Those authors 
assume that e(N) = —1 and that / is p-isolatcd [2, Definition 1.2], and then choose 
a particular path (starting at the vertex corresponding to the empty product 1) 
in the graph defined above. The Euler system elements are then constructed only 
at vertices along that path. The path is not allowed to be arbitrary: it is required 
that the modular form /„ is again p-isolated at each definite vertex in the path. It 
would thus be necessary to remove the p-isolated hypothesis in order to make full 
use of the theory developed herein. 

Recently Darmon and Iovita [5] have adapted the methods of [2] to the case 
where e(N) = — 1 and p is a prime of supersingular reduction for E. Given the 
results of the present article, it seems likely that these ideas can be pushed further to 
cover all four cases (definite/ordinary, indefinite/ordinary, definite/supersingular, 
and indefinite/supersingular; the final case being the least well understood). The 
main (only?) obstruction to doing so is the removal of the technical p-isolated 
hypothesis referred to above. 

We remark that the idea that Euler systems can be used not only to bound 
Selmer groups, but also to give a criterion for the sharpness of the bound, goes back 
to Kolyvagin. This was extended to the Iwasawa-theoretic setting by Mazur and 
Rubin [10] , but the criterion for equality seems very difficult to verify in practice. 
In the usual theory of Euler systems, in e.g. [12], one begins with cohomology 
classes (related in some way to L-functions) defined over abelian extensions of the 
ground field K , and then applies Kolyvagin's derivative operators to these classes to 
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obtain classes denned over K itself. These derived classes are the Kolyvagin system, 
and are somewhat less directly related to L-functions than the Euler system from 
which they are derived. The criterion for equality (e.g. the primitivity of |10j 
Definitions 4.5.5 and 5.3.9) is then a nonvanishing statement for the Kolyvagin 
system, rather than for the Euler system itself. The observation that Bertolini and 
Darmon's methods make no use of Kolyvagin's derivative operators is what allows 
us to obtain a criterion for equality in the main conjecture directly in terms of 
(p-adic) L-functions. 

Finally, and somewhat more speculatively, we address the question of whether 
there exist bipartite Euler systems other than that constructed by Bertolini and 
Darmon. Gross and Kudla [7] have investigated the Rankin triple product L- 
function L(f x g x h, s) associated to three newforms /, g, h of weight 2 on Tq(N). 
This L- function has analytic continuation and functional equation in s i— Y 4 — s, 
and the sign in the functional equation is given by a simple formula. When this 
sign is 1, Gross and Kudla prove a special value formula similar to Gross's special 
value formula [6J in the Heegner point situation, a key ingredient in the reciprocity 
laws used in [2]. When the sign in the functional equation is —1, Gross and Kudla 
construct a special homologically trivial cycle in the codimension 1 Chow group 
of a triple product of Shimura curves. Applying the p-adic Abel-Jacobi map to 
this special cycle yields a class in the Galois cohomology of the tensor product 
Vf ®V g ®Vh of the p-adic Galois representations attached to /, g, h. Thus we have 
the beginnings of a bipartite Euler system for Vf ®V g ®Vh- Moreover, Gross and 
Kudla conjecture that the height of their special cycle in the Chow group is related 
to the derivative L'(f x g x h, 2), in close analogy with the Gross-Zagier formula. 

2. Euler Systems over Artinian rings 

In this section we develop a general theory of (bipartite) Euler systems. The 
axioms (Definition 12.3. 2|) are designed to include the family of cohomology classes 
used by Bertolini and Darmon [2]. The methods used to bound the associated 
Selmer group and to develop a criterion for equality (Theorems 12.3.71 and I2.5.1[) 
originated with Kolyvagin, and we follow closely the approach to Kolyvagin's theory 
described by Mazur and Rubin [TP] , 

Let R be a principal Artinian local ring with maximal ideal m and residue char- 
acteristic p > 3. Let T be a free i?-module of rank two equipped with a continuous 

(for the discrete topology) action of Gk = f G&l(K ^/K ) for some number field 
K. We assume that T admits a perfect, Gx-equivariant, alternating i?(l)-valued 
pairing. Let 

\oc w :H\K,T) -+H\K w ,T) 

denote the localization map (we assume that we are given a fixed embedding K als >• 
K!~ s for every place w). Throughout $2] we assume that we are given a fixed self- 
dual Selmer structure (J 7 , £jr) on T, as defined in ^2.11 

If B is any R- module and b e B we define ind(&, B), the index of divisibility of 
b in B, to be the largest k < oo such that b G m k B. 

2.1. Selmer modules. 

Definition 2.1.1. A Selmer structure (J 7 , Ejr) on T is a finite set of places Sjf of 
K containing the archimedean places, the primes at which T is ramified, and the 
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prime p\ and, for every place w of K, a choice of submodulc 

such that Hjr(K w ,T) = H^ nT (K w ,T) for all w $ Sjr. Define the Selmer module 
Sehr = Se\jr(K, T) associated to T by the exactness of 

-> Scl^ -> ff^T) ^0ff 1 (Jf,„ ) T)/ffX.T) 

where the sum is over all places w of X. A Selmer structure T is self-dual if 
the submodule H^ F (K W ,T) is maximal isotropic under the (symmetric) local Tate 
pairing 

H^K^T) x H\K W ,T) ^ H 2 {K W ,R{1)) = R 
for every finite place w £ 

Remark 2.1.2. Note that p / 2 implies H 1 (K W ,T) = for w archimcdcan. By 
Tate local duality, H^(K W ,T) — H^ nj .(K w ,T) is maximal isotropic for all w ^ Sjr. 

Remark 2.1.3. If S is a submodule (resp. quotient) of T and (J 7 , Ejf) is a Selmer 
structure on T, then there is an induced Selmer structure, still denoted (J 7 , Sjr), 
on S defined as the preimagc of Hjr(K w , T) under H 1 (K W , S) — > H 1 ^^,, T) (resp. 
the image of H^(K W ,T) under H l {K w , T) H 1 (K W ,S)) for every place w of K. 
By QUI Lemma 1.1.9], H^(K W ,S) = H^ m (K w , S) for every w g Ejr, and so this is 
well-defined. We refer to this as propagation of Selmer structures. 

2.2. Modified Selmer modules. Now suppose we have a set of primes £ of K 
which is disjoint from Ejr and satisfies 

(a) VI G £,N([) ^ 1 (modp), 

(b) VI G £, the Frobenius Frob[ acts on T with eigenvalues N([) and 1. 

Let *Tl denote the set of squarefree products of primes in £. The two conditions 
above imply that T = R © R(l) as a Gal(Kf 6 /Ki)-modu\e, and that the decom- 
position is unique. For each I £ £ we define the ordinary cohomology H^ ld (K{,T) 
to be the image of H l (K u R(l)) ->■ H 1 (K l , T). 

Lemma 2.2.1. For I € £, the decomposition T = i?0i?(l) induces a decomposition 

H\K h T) Si Hl ni {K h T) © Hi d (K u T) 

in which each summand is free of rank one over R and is maximal isotropic under 
the local Tate pairing. 

Proof. By |12( Lemma 1.3.2], evaluation of cocycles at Frob[ induces an isomor- 
phism 

Hl m {K u T) ~ T/(Frob t - 1)T Si R. 

By local class field theory 

H\K U S) = Hom(Gal(X7 n 7X-[)>-R) = i?, 

again by evaluation at Frobj. Thus H^ nr (K[, T) is exactly the image of H 1 (K[, R), 
and is free of rank one. Since N(l) ^ 1 (mod p), the pro-p-completion of K { is 
canonically isomorphic to Z p , and so 

Hi d (K u T) - H^KuRil)) = R 
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by local Kummer theory. The sub-modules R and R(l) of T are each maximal 
isotropic under the pairing T x T — > R(l), and so the same is true of the spaces 
Hl nT (K u T) and H^ d (K u T) under the cup product. □ 

Definition 2.2.2. A Selmer structure (J 7 , Ejf) is cartesian if for every quotient 
T/m l T of T, every place w G Ejf, and any generator i 6 m, the isomorphism 

length(K)-i 

T/vcCT > Tim 1 } 

induces an isomorphism H^(K w ,T/m l ) = H^(K W , T[m 1 ]). 

Remark 2.2.3. A Selmer structure (J 7 , Sjf) is cartesian if and only if it defines a 
cartesian local condition, for every w G Sjf, on the quotient category Quot(T) in 
the sense of [TQl Definition 1.1.4]. 

Hypothesis 2.2.4. For the remainder of $2] we make the following assumptions 

(a) the residual representation T/mT is absolutely irreducible, 

(b) T is cartesian. 

Definition 2.2.5. For any abc 6 01 we define a Selmer structure (,F£(c), £jro( c )) 
as follows: £jro( c ) is T,jr together with all prime divisors of abc, 

H^ (C) (K W> T) = H^(K W ,T) 

for w prime to abc, and 

( H l {K h T) if [|a 
H h{c)(K h T) = \ ifl|b 
[ Hl lA {K h T) if [|c. 

If any one of a, b, c is the empty product we omit it from the notation. 

Lemma 2.2.6. The Selmer structure J-(n) is cartesian for any n 6 91. For any 

choice of generator fgra and any < i < length(i?), the composition 

length(H)-, 

T/m l T > T[m 1 } -> T 

induces isomorphisms 

Se\ nn) (K,T/m l ) Si Se\ nn) (K,T[m*}) Si Sel^ n) (^,T)[m 1 ]. 

Proof. For any prime w not dividing n, Hp, n ^{K w ,T) satisfies the cartesian prop- 
erty by Hypothesis 12.2.41 For [|n, the cartesian property follows from the canonical 
isomorphism H^ rd (Ki, T) = R used in the proof of Lemma r2.2.1l The second claim 
now follows as in [TQl Lemma 3.5.4]. □ 

Proposition 2.2.7. For any n G 91 there is a (non- canonical) decomposition 

Sel^ (n) = i? e(n) © M n © M n 

with e(n) G {0, 1}. 

Proof. This follows from the existence of a modified form of the Cassels-Tate 
pairing, together with the self-duality hypotheses on T and J 7 ; see [8, Theorem 
1.4.21. □ 
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Definition 2.2.8. Let 9t cvcn C <tt be the subset for which e(n) = 0, and W dd C 91 

the subset for which e(n) = 1. For n G 91 we define the stub module 

( m lcngth(M„ ) . ji if n G 91 even 

Stub n = I m l ength(Mn ) . g el ^ (n) T) j f n e ^odd 

with M n as in Proposition 12.2.71 Note that Stub n is a cyclic i?-module for every 
n G m. 

The following proposition is a consequence of Poitou-Tate global duality, and is 
similar to [8] Lemma 1.5.8] and plU Lemma 4.1.6]. Our self-duality assumptions, 
together with the fact that the local conditions H^ n[ (Ki,T) and H^ rd (Ki,T) have 
rank one, give a much stronger result. 

Proposition 2.2.9. For any n( G 91 there are non-negative integers a, b with a+b = 
length(i?) such that in the diagram of inclusions 



Sel^[( n ) 




the labels on the arrows are the lengths of the respective quotients. All four quotients 
are cyclic R-modules and 

(1) a = length(loct(Seljr( n ))) b = length(loc[(Sehx- (n i))). 

Proof. Take fl} as the definition of a and b, so that a and b are the lengths of the 
lower left and right quotients, respectively. The cyclicity of the quotients follows 
from Lemma 12. 2. II for example the lower left quotient injects into H^ ni: (K[,T). 
Exactly as in the proof of [5J Lemma 1.5.7], the quotient 

(2) Sel^ I(n) /(Sel^ (n) +ScV (n[) ) 

admits a nondegenerate, alternating i?-valued pairing. The pairing is defined as 
follows: given x,y G Seljr[( n ), let x' be the projection of loC[(ir) to H^ DI (Ki,T), 
and let y' be the projection of loC[(y) to H^ rd (Ki,T). The pairing of x and y is 
then defined to be the local Tate pairing of x' and y' . The quotient (f2]) is a cyclic 
i?-module, and so the existence of such a pairing implies that it is trivial. 
Directly from the definitions we have 

Seljr i(n) = SeljF(n) n Seljr(| n ). 

Combining this with the above, it follows that the lower left quotient is isomorphic 
to the upper right, and the lower right is isomorphic to the upper left. This proves 
everything except for the claim a + b = lcngth(i?), which is a consequence of global 
duality as in [51 Lemma 1.5.8] or [101 Lemma 4.1.6]. □ 

Corollary 2.2.10. Fix n G VI and let e(n) be as in Proposition \2.2.j[ The integer 
p(n) = dim R/m (Sel Ha) (K,T/mT)) 
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satisfies e(n) = p(n) (mod 2), and for any [ G £ prime to n 

p(n[) = p(n) + 1 loc [ (Sel^ (n) (^,T/mT) = 

p(n[) = p(n) - 1 lo C[ (Sel^ (n) (A- T/mT) ^ 0. 

T/ie claim continues to hold, and the value of p(n) remains unchanged, if one re- 
places Sel_F( n ) (i4T, T/mT) &?/ Seljr(n) (K, T) [m] everywhere. 

Proof. Apply Proposition HEHil with T replaced by T/mT. Then 

p(nl) = p(n) - a + 6, 

a + 6 = 1, and a = if and only if loci kills Seljr( n ) (K, T/mT). Combining this with 
Lemma \2 . 2 . 61 proves the claim. □ 

Remark 2.2.11. Note that Corollary |2~2TTU1 implies that for n[ G 91, 

n G 91 cvcn nl G 91 odd . 

We will use this repeatedly throughout. 

Corollary 2.2.12. Suppose nl G 91, and Zei a and b be as in Provosition \ 2.2.Sl 
Then 

length(M n[ ) + a if n G 91 even 
length(M n[ ) -b if n G 91 odd . 



length(M„) = 



Proof. Suppose n G 91 ovon . Then 

2 • length(Af n ) = length(Sel^ (n) ) 

= length(Seljr( nt )) -b + a 

= length(Seljr(„r)) + 2a - length(i?) 

= 2 • length(M„() + 2a. 
The case n G 91 odd is similar. □ 

Corollary 2.2.13. Suppose nl G SR. There is an isomorphism of R-modules 

loct(Stubn) = Stub„i if n G 91 odd 
loc[(Stub nt ) S Stub n if n G 91 cvon . 

Proof. Suppose n G 91 odd . Since the modules in question are cyclic, it suffices to 
check that they have the same annihilator in R. The image of Stub„ in H^ nT (K[, T) 
is annihilated by m l if and only if m l + lcn s th ( M n) kills the lower left quotient in the 
diagram of Proposition [2~2.9[ that is, if and only if a < i+length(M n ). By Corollary 
12.2.121 this is equivalent to length(i?) < i + length(M„[), which is equivalent to 
m l ■ Stub nl = 0. The case n G 91 cvcn is similar. □ 

2.3. Euler systems. Continue to assume that Hypothesis holds, as well as 

Hypothesis 2.3.1. For any c G H (K, T/mT) there are infinitely many [ G £ such 
that loC[(c) ^ 0. 

Definition 2.3.2. A bipartite Euler system of odd type for (T, T, £) is a pair of 
families 

{k„ G Sel^ (n) (A, T) | n G 91 odd } {A„ G R | n G 91 ovcn } 
related by the first and second reciprocity laws: 
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(a) for any nt £ W dd , there exists an isomorphism of R- modules 

R/(X n ) S Hl rA {K u T)/R ■ Ioc t (Kn[), 

(b) for any n[ £ 91 ovon , there exists an isomorphism of i?-modules 

R/(X nl ) ^ nr (if[, T)/i? ■ loc t (K n ). 

A bipartite Euler system of even type is defined in the same way, but with even and 
odd interchanged everywhere in the definition. 

From here on we drop the adjective "bipartite" , and simply call such a pair 
of families an Euler system. An Euler system (of even or odd type) is nontrivial 
if A n ^ for some n (of the appropriate type). By the reciprocity laws and the 
following lemma, this is equivalent to n n ^ for some n of the appropriate type. 

Lemma 2.3.3. For any n £ Ct and any cyclic R-submodule C C Seljr( n ), there are 
infinitely many \ £ £ such that loci takes C injectively into H^ aT (Ki, T). If C is free 
of rank one then for such any such I, loci takes C isomorphically onto H^ nr (Ki, T). 

Proof. Let i be maximal such that vcCC ^ 0, so that m l C C Seljr( n ) [m] . By Hy- 
pothesis 12.3.11 and Lemma 12.2.61 there are infinitely many I £ £ prime to n such 
that loC[(m l C) ^ 0. For any such prime loci takes C injectively into H^ nl (Ki,T). 
The final claim is immediate from Lemma 12.2.11 □ 

Proposition 2.3.4. There are no nontrivial Euler systems for (T, J 7 , £) of even 
type. 

Proof. Given a nontrivial Euler system of even type we fix n £ 01 odd such that 
A n 7^ 0. In the notation of Proposition 12.2.71 e(n) = 1, and so Seljr^-j (K, T) 
contains a free rank-one i?-submodulc C. If [ G £ is chosen as in Lemma [2 . 3 . 31 then 
the natural injection 

SeV (n) /SeV, (n) H^(K U T) = R 

is an isomorphism, and Proposition 12.2.91 implies that Seljr^) = Seljr^^. In par- 
ticular loC[(K n [) = 0, violating the first reciprocity law. □ 

Proposition 2.3.5. Fix an Euler system of odd type for (T, £), let k be the 
length of R, and let M n be as in Proposition \2.2.7\ If X„ ^ for some n £ 9t cven 
then M a is killed by m . If K n ^ for some n £ yi odd then M a is killed by m fc_1 . 

Proof. First suppose n £ 9t ovcn and m fe_1 M n ^ 0. Then Sel_F( n ) contains a free 
rank one submodule, C . Choose I £ £ not dividing n such that loci takes C isomor- 
phically onto Hl m (K u T) (Lemma[2X3l)- By Proposition loc I (Seljr (nt) ) = 0. 
Thus loci(K n [) = and the first reciprocity law implies that A n = 0. 

Now suppose n £ 9t odd and m fc_1 M n ^ 0. Proposition [2X71 implies that Sel^- (n) 
contains a free submodule of rank two, C . From this and Lemma 12.2.11 one may 
deduce that for any [ £ £ the kernel of 

loc[ : Seljr(„) -» H^ T (Ki, T) 

contains a free submodule. This kernel is exactly Seljr [( - n -) c Seljr( nl ), and so 
m k ~ 1 M„i ^ 0. By the case considered above A n[ = 0, and the second reciprocity 
law implies that loC[(fc n ) = 0. Since this holds for all choices of [, K n = by Lemma 
12X31 □ 
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The above proposition shows that an Euler system gives a (somewhat weak) 
annihilation result for Selmer groups. To strengthen this to an upper bound on 
Selmer groups, we must impose the hypothesis of freeness defined below. For an 
example of how this hypothesis may be verified in practice, see the proof of Lemma 

Definition 2.3.6. We will say that an Euler system of odd type is free if for every 
n G W dd , there is a free rank-one i?-submodule C n C Seljr( n ) containing n n . 

Theorem 2.3.7. For any free Euler system of odd type for (T, T, £) ; A n € Stub n 
for every n g 9T GVCn ; and K n G Stub n for every n G 91 odd . Equivalently, the R- 
module M n of Proposition \2.2.7\ satisfies 



length(M„) < 



ind(A„,-R) if n G 9t even 

ind(K„, Sel^ (n) (K, T)) if n G 0t odd . 



Proof. The proof is by induction on p(n), as defined in Corollary |2.2.10l If p(n) = 
then M n = 0, and so n G 0t even , Stub n = R, and the claim is vacuous. Similarly, if 
p(n) = 1 then n G 9t° , M n = 0, and the claim is vacuous. We assume now that 
p{n) > 2, so that M n ^ 0. 

Suppose n G fn ovcn and A n ^ 0. Fix any [ G £ prime to n such that the Selmer 
group Seljr^) (K, T/mT) is not killed by loci. By Corollary 12 . 2.101 and the induction 
hypothesis, K n[ G Stub n [, and so Corollary 12.2.121 gives 

length(M n ) = length(M n[ ) + a 

< ind(K n [,Seljr (n[) ) +a 

< ind(loC[(K n [),loC[(Seljr (n [ ) )) +a 

where a is as in Proposition 12.2.91 The first reciprocity law implies 

md(X n ,R) = md{loci(K n[ ), Hl d (K u T)) 

= ind(loc I (Kn[),loc I (Sel^ (nI) )) +length(i/ 1 rd (if [ ,r)/loc I (Sel^ (nI) )) 
= ind(loC[(K nl ), loC[(Sel^ (nI ))) + length(i?) - b. 

Since a + b = length(i?), we conclude length(M„) < ind(A n ,iJ). 

Now suppose n G 9"l odd and n„ ^ 0. Let C n be as in Definition 1 2 . 3 . 61 and fix [ G £ 
prime to n such that loci takes C n isomorphically onto H^^Ki^T) (using Lemma 
I2.3.3p . Again applying Corollary 12. 2.10[ p(nl) = p(n) — 1, and so A n [ G Stub n[ . By 
Corollary |2.2.12l (with a — length(i?) and 6 = 0) and the second reciprocity law, 

length(M„) = length(A/ n[ ) < md(X nl ,R) 

= ind(loc^„), T)) 
= ind(K n ,Seljr (n) ). 

□ 



2.4. Sheaves on graphs. Let X be the graph whose vertices v(n) are indexed by 
n G 71, and an edge e(n, nl) connects v(n) to v(nl) whenever [ G £ and nl G 91. 
A vertex v(n) will be called even or odd, depending on whether n lies in y\ cvcn or 
9T odd , and every edge connects an even vertex to an odd one (by Corollarv l2.2.10|) . 
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We define a sheaf ES(<Y) on X in the sense of [TUl §3.1] called the Euler system 
sheaf as follows. To each vertex v — v(n) we attach the i?-module 



ES(«) 



T-ocld 



Seljr (n) if n g W 
R if n g *tt even 



and to each edge e = e(n, nt) we attach the i?-module 

™ W= J Hi nl .(K u T) if ngOI° dd 
I H ord( K uT) ifne0t cvcn . 

If e = e(n, nl) is an edge with endpoint t>, we define the vertex-to-edge map 

$1 : ES(«) -> ES(e) 

as follows. If u is odd then 

= lor • / SC ^(") ^ ^unrC^t, T) if V = v(n) 

^ 10C| ' \ Sel^ (n[) -> ^(A-,, T) if v = v(nt). 
If w is even then fix, using Lemma 12.2.11 an isomorphism 

[6) HUK U T) itv = v{n). 

Of course, the choice of isomorphism ([3]) is not unique, but we fix a choice, for each 
edge e with even vertex v, once and for all. 

Definition 2.4.1. The Euler system sheaf has a locally cyclic (in the sense of p~0| 
Definition 3.4.2]) subsheaf, the stub sheaf Stub^), defined as follows. To each 
vertex v = v(n) we attach the cyclic R- module 

Stub(u) = Stub n c ES(v), 

and to each edge e = e(n, nl) we attach the cyclic module Stub(e) C ES(e) 

loc[(Stub n ) ifne9t odd 
loc[(Stub n[ ) ifne9t cvcn . 

If e is an edge connecting the vertices v and v', with v even and v' odd, then 
the vertex-to-edge map ip%, restricts to a surjective map Stub(u') — > Stub(e). By 
Corollarv l2. 2.13[ the map if>% restricts to an isomorphism Stub(«) = Stub(e). 

Definition 2.4.2. A core vertex of X is a vertex v such that Stub(w) = R. 

Remark 2.4.3. Set T = T/mT. For n g % recall the integer 

p(n) = dim fl/m (Seljr (n) (A,T)) 

of Corollarv l2.2.10l It is clear from Lemma [2.2.61 and Proposition 12 .2 . 71 that v(n) is 
a core vertex if and only if p(n) = or 1. 

The core subgraph Xq C X is the graph whose vertices are the core vertices of X, 
with two vertices connected by an edge in Xq if and only if they are connected by 
an edge in X. We let Stub(Ao) be the restriction of Stub(<Y) to Xq in the obvious 
sense. 

Lemma 2.4.4. The sheaf Stub(<¥o) is locally free of rank one. That is to say, 

• for every vertex v of Xq, Stub(u) is free of rank one, 

• for every edge e of Xq, Stub(e) is free of rank one, 



Stub(e) = 
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• for every edge e of Xq with endpoint v, the vertex-to-edge map 
ift : Stub(u) -> Stub(e) 

is an isomorphism. 

Proof. The first property is the definition of X$. As noted in Definition I2.4.1) 
Stub(e) is isomorphic to Stub(i>), where v is the even endpoint of e. This proves 
the second property. The final property follows from the first two, together with 
the surjectivity of the vertex-to-edge maps in Stub(A'). □ 

Definition 2.4.5. A global section, s, of the sheaf Stub(Af) on X is a function on 
vertices and edges of X, 

v M> s(v) € Stub(v) e M> s(e) S Stub(e), 

such that for every edge e with endpoints v and v' 

in Stub(e). A global section of ES(Af) is defined in the same way. 

Definition 2.4.6. For two vertices v and v' of X, a path from v to v' in X is a 
finite sequence of vertices v — vq, v\, . . . , Vk = v' such that Vi is connected to w^+i 
by an edge e$. A path is surjective (for the locally cyclic sheaf Stub (A")) if the 
vertex-to-edge map 

ipvl +1 '■ Stub(«i+i) -¥ Stub(e<) 
is an isomorphism for every i. We make the same definitions for Xq. 

Remark 2.4.7. Note that a surjective path from v to v' induces in an obvious way 
f [10[ §3.4]) a surjective map Stub(u) — > Stub(w'), and that for any global section s 
of Stub(Af) this map takes s(v) to s(v'). 

Lemma 2.4.8. A path vq, . . . , Vk in X is surjective if and only if 
length(Stub(w 2+ i)) < length(Stub(w i )) 

for every i. 

Proof. Suppose we are given a path in X from vq to Vk- If Vi is odd and Vi+i 
is even then the vertex-to-edge map Stub(uj-|_i) — >• Stub(ei) is an isomorphism, 
while Stub(wi) — > Stub(ej) is surjective. Thus the path Vi,Vi+i is surjective and 
length(Stub(w i+ i)) < length ( Stub (u,)). 

If Vi is even and Vi+i is odd then the vertex-to-edge map Stub(«j+i) — > Stub(ej) 
is surjective, while Stub(i?j) — > Stub(ei) is an isomorphism. In particular 

length(Stub(w 2+ i)) > length(Stub(w i )). 

Thus is injective if and only if it is an isomorphism. This is equivalent to 

Stub(i?j_|_i) = Stub(ui), which is equivalent to 

length(Stub(w 2+ i)) < length(Stub(w i )). 

Since Vq, . . . , Ufc is surjective if and only if Vi, Wj+i is a surjective path for every i, 
the claim follows. □ 

Lemma 2.4.9. For any vertex v of X there is a core vertex vq and a surjective 
path in X from vq to v. For any n £ 91 there is a n' S 91 with n|n' such that v(n') 
is a core vertex, and n' may be chosen either in 9t cvcn or in 9t odd . 
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Proof. Set wo = v, and construct a sequence of vertices Wi inductively as follows. 

If Wi — w(x\i) is even and not a core vertex, choose [ G £ prime to rw such 
that loC[(Seljr( n .)) 7^ 0, and set m,-+i = w(nj). In the notation of Corollary |2. 2.121 
a > 0, and so 

length(Stub(w l )) < length(Stub(m J+ i)). 
If Wi is already an even core vertex, then a similar argument shows that 
length(Stub(w;)) = length(Stub(w i+ i)) 

for any choice of L 

If Wi — w(xii) is odd choose (using Lemma [2.3.3[1 [ 6 £ prime to such that 
localization at [ takes a free rank-one submodule of Seljr( n .) isomorphically onto 
H^ nl (Ki,T), and set Wi+i — w(xiil). In the notation of Corollary 12.2.121 a = 
length(ii) and 6 = 0, and so 

length(Stub(wi)) = length(Stub(u> i+ i)). 

Eventually length(Stub(wfe)) = length(i?), and we have constructed a path from 
v to a core vertex vq = Wk ■ By construction 

length(Stub(w l )) < length(Stub(w i+ i)) 

for every i, and so Lemma [2.4.8l implies that the path Wk, Wfe-i, • • ■ , Wo is a surjective 
path from vq to v. The final claim is clear from the construction above. □ 

For any a € 71, let Ao i0 be the subgraph of Xq whose vertices consist of those 
core vertices v(n) with o|n. Two vertices are connected by an edge in Xq m if and 
only if they are connected by an edge in Xq. 

Lemma 2.4.10. Ifv(a) is a core vertex then the graph Xq^ q is path connected. 

Proof. Fix n = ob 6 Ot. We show by induction on the number of prime factors of 
b that there is a path in Ao j0 from v(n) to v(a). Assume b > 1, otherwise there is 
nothing to prove. First suppose v(n) is even, so that p(n) = 0. By Corollary 1 2. 2. 10[ 
p(n/l) = 1 for any [ G £ dividing b. Hence v(n/l) is a vertex in X ^ a connected to 
v(n) by an edge, and by the induction hypothesis there is a path in X , a from v(n/l) 
to v(a). Similarly, if v(n) is odd and loC[(SeljF( n )(if, T)) ^ for some [ dividing b, 
then Proposition 12.2.91 implies p(n/l) = p(n) — 1 = 0, and again by we are done by 
the induction hypothesis. 

We are left to treat the case where n G <Tt cvon and loC[(Seljr( n \ (K,T)) is trivial 
for every I dividing b. Thus 

Sel Hn) (K,T) = Sel^ {a) (K,T) c Sel Ha) (K,T). 

Since the R/m- vector space on the left has dimension p(n) = 1 while the space 
on the right has dimension p(a) < 1, we conclude that the above inclusion is an 
equality. In particular 

Selr [n) (K,T) = Se\^, (a) (K,T) = Sd Ha) (K,T) 

for any b'|b. Take b' = b/q for some prime q dividing b, and let [ G £ be any prime 
not dividing n such that loC[(Sel^ (n) (K,T)) ^ 0. By Corollary E2H01 p(ab') = 2, 
p(nl) — 0, and, since 

SeLr W (K,T) = Sel^ (a) (^,T) c Se\ T{ab , } (K,T) 
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is not killed by loci, p(ab'l) = 1. Thus v(ab), v(abl), v(ab'l) is a path in Ab, a - 
Finally, if loc r (SeLx-( af) /[) (K, T)) = for every t G £ dividing b'l, then 

Sel Habn) (K,T) = Sel^, i(a) (X,T) c Sel^ /(a) (tf,T) = Sel Hn) (K,T). 

The Selmer groups on the left and right are both one dimensional over i?/m, so 
equality holds everywhere. This contradicts loC[(Seljr( n ) (K, T)) ^ 0, and we con- 
clude that loc t (Sehr( a £,<[) (K, T)) ^ for some r £ £ dividing b'l. This returns us 
to the case of the paragraph above, and so v(n), v(nl), v(ab'Vj, w(ob'[/r) is a path in 
Xq. By the induction hypothesis, this may be continued to a path terminating at 
v(a). □ 

Proposition 2.4.11. The core subgraph is path connected and contains both even 
and odd vertices. For any vertex v of X and any core vertex vq of X , there is a 
surjective path from vo to v. 

Proof. The fact that Xq contains both even and odd vertices follows from the final 
statement of Lemma 12.4.91 Suppose we are given two core vertices v(a) and v(b). 
By the second part of Lemma [2A9] we may choose n G 91 divisible by ab such that 
v(n) is a core vertex. By Lemma r2.4.10[ there is a path in Xo, a from v(a) to v(n), 
and a path in Xqj, from v(b) to v(n). Since any path in Ao j0 is also a path in Xq, 
and similarly for b, there is a path in Xq from v(a) to v(b). Since any path in Xq is 
surjective, any two core vertices may be connected by a surjective path. The final 
claim now follows from Lemma \2. 4.91 □ 

Corollary 2.4.12. For any global section s o/Stub(A") there is a unique 5 = S(s) 
with < 5 < lcngth(i?) such that s(v) generates m <5 Stub(f ) for every vertex v of 
X. The section s is determined by its value at any core vertex. 

Proof. Fix a core vertex vq and define S to be such that s(vq) generates m' 5 Stub(vo). 
By Remark l2.4.7l and Proposition ^. 4. lT| for any vertex v in X there is a surjective 
map Stub(uo) —> Stub(w) taking s(v ) to s(v). The claim follows. □ 

2.5. The rigidity theorem. 

Theorem 2.5.1. Assume Hypotheses \2.2.4\ and \2.3A[ and suppose that we are 
given a nontrivial free Euler system of odd type for (T, £) . There is a unique 
integer S, independent of n £ 71, with the property that X n generates m^Stubn for 
every n € fft cvcn an d Kn generates m^Stubn for every n € 91 odd . Furthermore, S is 
given by 

5 = min{ ind(A n , R) \ n G 91 ovon } 

= min{ ind(K n , Sel^- (n) ) | n G 9T odd }. 

Proof. For a vertex v = v(n) of the graph X of tj2.41 we define s(v) G ES(w) by 

X n if n G m cvcn 
n a if n G m° dd . 



s(v) 



For an edge e = e(n, n[) define s(e) G ES(e) by 

r \ _ ( 1oc[(k„) if n G Ul odd 
S[e) ^ \ loci(K n i) if n G W vcn . 

The reciprocity laws of Definition 12.3.21 now say exactly that, modifying the vertex- 
to-edge maps (0]) by an element of R x if needed, the function v \-> s(v) forms a 
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global section of the Euler system sheaf ES(<Y) with edge germ e h-» s(e). By 
Theorem I2.3.7[ this global section is actually a global section of the subsheaf 
Stub(Af) C ES(A'). By Corollary HXH there is a unique < 5 < length(i?) 
such that s(v) generates m s ■ Stub(v) for every vertex v. For any vertex v with 
s(v) / Owe have 

S = ind(s(u),Stub(u)) < ind(s(t>),ES(t>)) 

with equality if and only if v is a core vertex. Since there are even core vertices (by 
Proposition 12.4.111) , 

S = min{ ind(s(w), ES(w)) | v even}, 
and similarly with even replaced by odd. □ 

2.6. A variant. In the applications to Iwasawa theory we will need to work un- 
der slightly different hypothesis on T. In this subsection we assume that if is a 
quadratic imaginary field. Fix an embedding A alg C and let r £ Gk be the 
associated complex conjugation. Let R and T be as in the introduction to but 
instead of assuming that T is self Cartier dual via an alternating pairing, assume, 
as in §1.3 of [8], that there is a perfect symmetric pairing 

( , ):TxT^R(l) 

which satisfies (x CT , y TaT ) — {x : y) a for any a £ Gk- Let Tw(T) be the GA'-module 
whose underlying i?-module is T, but with the Gif-action twisted by conjugation 
by t. The above pairing can then be viewed as a perfect Gif-invariant pairing 

T x Tw(T) -> R(l). 

There is a canonical isomorphism iJ 1 (/sT, T) = iJ 1 (if, Tw(T)) given on cocycles by 
c(cr) i — y c*(cr) = c(t<jt). For any finite place v of K, there is similarly a canonical 
isomorphism from the local cohomology of T at v to the local cohomology of Tw(T) 
at t(v). This isomorphism induces a local Tate pairing 

(4) H 1 (K v , T) x H 1 {K T{V) , T) -> R, 

and by direct calculation on cocycles one can check that if v = t(v) then this 
pairing is symmetric. Thus locally at a degree two prime of K, the cohomology of 
T behaves exactly as if T were self-dual via an alternating pairing. We now define 
a Selmer structure (J 7 , £.f) exactly as in §2.1[ and say that a Selmer structure is 
self-dual if the local conditions Hjr(K v ,T) and Hjr(K T ^,T) are exact orthogonal 
complements under the pairing (j4|) for every v £ Sjr. 

All of the results of $5] hold verbatim under these modified hypothesis (one need 
only verify that Lemma [2 . 2 . 1 1 and Propositions 12 . 2 . 71 and [23791 hold, as these are the 
only places where the self-duality hypotheses on T and T are directly invoked; for 
the latter two, the reader may consult Sections 1.4 and 1.5 of [S]) with one minor 
caveat: the statement of Lemma [2.2.11 and the proof of Proposition 12.2.91 require 
the self-duality of _ff 1 (A'[,T), and so we must add the hypothesis that £ contains 
only degree two primes of K. 

Finally, we remark that if the action of Gk on T extends to an action of Gq 
then the alternate hypotheses of this subsection are equivalent to those of the 
introduction to ij2j since one may identify T = Tw(T) as Gif-modules via the map 
x <— > x T . 
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3. IWASAWA THEORY OF ELLIPTIC CURVES 

Let K be a quadratic imaginary field of discriminant da and quadratic character 
e, p > 3 a rational prime, and _E/Q an elliptic curve with conductor N. Assume that 
E has either multiplicative or good ordinary reduction at p, and that (dx,pN) = 1. 
Let N~ be the largest divisor of N which is prime to p and satisfies e(q) = 1 for all 
primes q | N~ . Factor N = N + N~ . Let r be a fixed choice of complex conjugation. 

Hypothesis 3.0.1. Throughout §2]we assume: 

(a) E[p] is absolutely irreducible as a Gk = Gal(K S /K )-module, 

(b) N~ is squarefree. 

We denote by the anticyclotomic Z p -extension of K, characterized by tot = 
er -1 for any a G F = G&^D^/ K). Let D m C -Dqo be the subfield with [D m : K] — 
p m , and set A = Z p [[L]]. 

3.1. Selmer modules over A. 

Definition 3.1.1. A degree two prime I \ N of K is k-admissible if N([) ^ 1 
(mod p) , and if there is a decomposition 

E[p k ] £* (Z/p*Z) © /v 

of Gal(i^[ Unr /iiri)-modules. A 1-admissible prime will simply be called admissible. 
The set of fc-admissible primes is denoted £&, and we let 01^ denote the set of 
squarefree products of primes in £& . 

Let q | N~~ be a rational prime. By Hypothesis 13.0. lf b) E has multiplicative 
reduction at q, and hence split multiplicative reduction at the prime q of K above 

q. The Tate parametrization shows that T p (E) has the form (^°q C as a Gk^~ 

module, and we denote by Fil q (T p (E)) C T p {E) the Z p -line on which Gx q acts via 
e cyc . For any extension L/K^ the ordinary submodule 

H x OTd {L,T p {E))^H l {L,T p {E)) 

is defined to be the image of F\\ q (T p {E))) , and H^ ld (L, E\p k ]) is defined 

similarly. For a fc-admissible prime [ € £& we have a similar ordinary local condition 
H^ ld (L, E[p k }) for any extension L/Ki, as in §2.21 For the prime p, T P (E) has a 
distinguished line on which an inertia group at p in Gq acts via the cyclotomic 
character. Call this line Fil p (T p (E)) and define the ordinary condition at p to be 
the image of 

H^L^FilpiTpiE))) -> H 1 (L,T p (E)) 
for any finite extension L/Q p , and similarly for £'[p' c ] and 
Lemma 3.1.2. For any 1 6 £& f/ie module 

ljmHl ni (D mih E[p k ]) d ^ f ImQ^^,^]) 

m m w | [ 

is /ree of rank one over A/p k A, and the same is true with unr replaced by ord. 
Proof. Since [ splits completely in D^, Shapiro's lemma gives an isomorphism 
H5©^(^«,^) = ^(ift.Stp*] ® A) = i? 1 (!£"[, E[p k }) ® A. 

This, together with Lemma [2.2.11 gives the claim. □ 
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We define the Selmer groups 

S(D 00 ,T p (E)) C ]^mH 1 {D m ,T p (E)) Sel^, E\p°°}) C lim^^m, E\p°°}) 

to be the classes which are ordinary at the primes dividing pN~ and unramified at 
all other primes, and abbreviate 

S = S(D oc ,T p (E)) X = Hom(Sel(D 00 , E\p°°}), Q p /Z p ). 

For any n G 9tfc, let 

S n (D ao ,E\p k ]) C limff 1 (£> m ,£[p*]) 

m 

be the A-submodule of classes which are ordinary at the primes dividing npN~ , 
and unramified at all other primes. 

3.2. Euler systems over A. 

Definition 3.2.1. Given n € Oti, let n be the positive integer satisfying uOk = n. 
We say that n is definite if e(nN~) = —1, and is indefinite if e(nN~) = 1. Let 
^definite c ^ fe be the subset of definite products, and define frt™ dcflnite similarly 

Suppose that for every k > we are given families 

(5) {« n G <S n (Ax)> S[p fe ]) | n G OT fc ndcfinitc } {A n e A/p fc A | n G 9tf finitc } 

which, as k varies, are compatible with the inclusion Ulk+i C and the natural 
maps A/p fe+1 A — » A/p k A and i?[p fc+1 ] A £7[p fe ]. Assume that these classes satisfy 
the first and second reciprocity laws: 

(a) for any n[ € fytJJ ldcfinlto there is an isomorphism of A-modules 

limH 1 ord (D nhl ,E[p k }) £ A//' A 

m 

taking loC[(«; n [) to A n ; 

(b) for any n[ G *J{ definlte there is an isomorphism of A-modules 

^mHl nI (D m , u E\p k }) £ A// A 

m 

taking loC[(K n ) to A n [. 
Since the empty product lies in 9tfc for every k, we obtain a distinguished element 

A°°gA if e (iV-) = -l 
[ 1 k°° <ES if e(iV-) = 1 

defined as the inverse limit of Ai or k\ as k varies. 
Lemma 3.2.2. The K-module S is torsion free. 

Proof. As the torsion subgroup of ^(Doo) is finite (since has primes of finite 
residue degree), H (D oo ,T p (E)) = and the claim follows from (TTJ Lemma 1.3.3]. 

□ 

The following theorem will be proved in £|3 .41 

Theorem 3.2.3. Assume that the special element (0|) is nonzero and let AA-tors 
denote the torsion submodule of X . 



BIPARTITE EULER SYSTEMS 



17 



(a) One has the rank formulas 

rankAiS = rank^A" = 

(b) For any height one prime *}3 of A one has 

a (x. rv \Wo J OT d<p(A°°) ife(JV-) = -l 

ordp(char(X A _ tors )) < 2 • j 0T ^ ch&x{s / Ak ^ if e(jyr) = L 

(c) Equality holds in (b ) if the following condition is satisfied: there exists a fco 
such that for all j > fco the set 

{A n e A/57 3 ' A I n e Olf finitc } 

contains an element with nontrivial image in A/(5}3,p °). 

3.3. Reduction at a height one prime. Set V P (E) = T p (E) (g) Q p , so that we 
have the exact sequence 

(7) -> T p (£) -». -> ^[jj 00 ] -> 0. 

Fix *p ^ pA a height-one prime of A, and denote by Oqj the integral closure of 
A/*p, viewed as a Galois module with trivial action. The ring 0<p is the ring of 
integers of a finite extension $qj/Qp, and we denote by m<p its maximal ideal. By 
tensoring ((TJ) with Oqj (viewed as a G_ff-module via the natural map Gk — > A x ), 
we obtain an exact sequence of 0<p[[Gif]]-modules 

(8) ->■ % 0. 

For any prime q of if and A and one of T<p, Vqj, or W«p, we define a submodule 
H^ v (K q ,M) cH\K q ,M) 

as follows. First suppose M = V<p. If q \pN~ then if^- (AT q , Kp) is the unramified 
cohomology classes. If q | pN~ then (if q , V«p) is defined to be the image of 

If M = Trp or W?p , then ifL ( K q , M) is obtained from H}? (K q , Vsp) by propaga- 
tion, in the sense of Remark 12.1.31 These local submodulcs define global Sclmer 
groups which we denote by Selj^ (AT, M) . 

Proposition 3.3.1. Shapiro's lemma, the natural map T p (E) ® A — > T<p, and its 
dual induce maps 

S/¥S Sel^ (K, T„) Sel^ (K, W v ) Selp^, E\p°°])^S]. 

The first map is infective. There is a finite set of height one primes Ea of A such 
that if?fi<^ Ea, then these maps have finite kernel and cokernel which are bounded 
by a constant depending on [Orp : A/^3] but not on *}3 itself. 

Proof. The proof requires only minor modifications from that of [101 Proposition 
5.3.14]. One must first prove a local control theorem at each prime q of K. If 
q \ pN~ this local result is [101 Lemma 5.3.13]. If q | p the desired result is 
Lemma 2.2.7]. The case q | N~ is similar to the latter, but is greatly simplified by 
the fact that such q split completely in D^. With the local control results in hand, 
the remainder of the proof follows that of |T0l Proposition 5.3.14] verbatim. □ 



f if e(N~) = -1 
\ 1 if e(N~) = 1. 
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Lemma 3.3.2. Abbreviate 5<p = Sel^ (K , Tip). The natural map 
<%//<% -> Se\^(K,T v /p k T v ) 

is infective, where the Selmer structure on Trp/p k Trp is obtained from the Selmer 
structure on Tsp by propagation (Remark \2.1.3\) . 

Proof. This is Lemma 3.7.1 of [ID]. □ 

For any pair of positive integers k < j, set 

5y(k, j) = min{ind(A n , Op/^Op) | n e 9tf finitc } < oo. 

As j) < 8^{k,j + 1), we may define 5<p(fc) = lim^oo <%(fc, j). 

Proposition 3.3.3. Ife(N~) = —1 and A°° € A ftas nontrivial image in 0<p/p k O<p 
then 

lengthy (Sel^ (X, Wp)) + 2<%(fc) = 2 • lengthy (Op/CApA 00 ). 
If e(N~) = 1 and k°° /ias nontrivial image in iS<p/p fe 5<p then 

(a) 5qj is /ree o/ rank one over CAp , 

(b) Seljr <p(K, Wsp) ftas CAp-coranfc one, and 

(c) lengthy (SeLxy,, (JT, W<p) /di v) +2%( fc ) = 2dength 0!p (<%/OpK°°) (%e sub- 
script /div indicates the quotient by the maximal O^-divisible submodule). 

Proof. Let k be as in the statement of the proposition. For any j > k, abbreviate 

Tj = T^/p>T v = O^/piO^. 

Let T denote the Selmer structure on Tj obtained by propagation fRemark l2.1.3[) 
of J-<p from Tqj, and use the same notation for the Selmer structure on Wqj[p J ] 
propagated from J-qj on Wqj. By applying the reduction maps h/p 1 — ¥ Rj and 

]pnH\D m ,E\p>]) S H X (K, E[p j ] ® A) ->■ H l {K, Tj) 

m 

to the Euler system ([5]), we obtain families 

(9) {nn e Sel^ (n) (if, Tj) | n e ^nf dcfinitc } {A n e flj ■ I n e 9lf finito } 

By assumption (and Lemma 13 .3.2[) . k\ or Ai (depending on whether e(N~) = 1 or 
— 1) is nontrivial, where 1 £ *?Tj is the empty product. 

A choice of uniformizer of CAp determines an isomorphism Tj = Wsplp*], and 
under such an isomorphism the Selmer structures T are identified (as in the proof 
of Lemma 1.3.8(i) of [H]). In particular 

(10) Sdjr(K,Tj) - Sdj:(K,W v \p>]) = Se\r v (K,W v )[pi], 
where the second isomorphism follows from Lemma 12.2.61 and the following 

Lemma 3.3.4. The triple (Tj,F, £j) satisfies Hypotheses \2.2.4\ and \2.3A\ as well 
as the hypotheses of Q2.61 More precisely the following hold. 

(a) Tj is residually an absolutely irreducible Cn-module. 

(b) For any [ S £j, the Frobenius at [ acts on Tj with eigenvalues N([) and 1. 

(c) There is a perfect Rj -bilinear symmetric pairing Tj x Tj — > Rj(l) satisfying 
{s a ,t Ttrr ) = ( s ,fT for any a £ Gk- 

(d) The Selmer structure T is cartesian in the sense of Definition \2.2.2[ and 
is self-dual in the sense of l\2.6\ relative to the pairing above. 

(e) The set £j satisfies Hypothesis \2.3.1\ 
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Proof. Since [ splits completely in Z?oo, there is an isomorphism of Galois modules 
Tfp = T P (E) ® Osp with Gk, acting trivially on Grp. In particular, the residual 
representation of Tsp is absolutely irreducible since E[p] is (by Hypothesis 13.0.11) . 
and property (b) is immediate from the definition of a /c-admissible prime. Define 
an 0<p(l)-valued pairing on T<p by the rule 

(x <g> a, y <g> /3)<p = a/3 ■ (x, y T ), 

where ( , ) is the Weil pairing on T p (E). The reduction of this pairing modulo p J 
defines the pairing of (c). The cartesian property of (d) is a consequence of the fact 
that the Sclmer structure J-qj on T<p is obtained by propagation from V<p; see |101 
Lemma 3.7.1]. The self-duality follows from this and the self-duality of the local 
conditions defining the canonical Selmer structure on V<p. Part (e) is [5J Theorem 
3.2]. ' □ 

Lemma 3.3.5. The decomposition % = m° dd U 9t° von (relative to the data T, T, 
£,j) of Definition \2.S7E\ is given by 



^-^^ ^odd ^mdchmtc ^even fy^dchmtc 

Furthermore, the families form an Euler system of odd type for (Tj, J- , 
Proof. First note that either (TTT1) holds or the opposite relation 

fy^even ^indefinite fy^odd ^definite 

holds (simply because the even/odd decomposition of 71 j is determined by the func- 
tion p(n) of Corollary 12.2.101 the definite/indefinite decomposition is determined 
by e(n), and both functions are multiplied by —1 when one replaces n by n[.) The 
reciprocity laws of §3.21 imply that the reduced families ((9]) satisfy the reciprocity 
laws of Definition 12.3.21 and so this family forms a nonzero Euler system which is 
of odd type if (fTTj) holds, and is of even type otherwise. By Proposition 12.3.41 the 
Euler system must by of odd type, so (fTT|) holds. □ 

The Euler system of the lemma for (T k , T , £&) may not be free, but this can be 
remedied by shrinking the set of indexing primes £ k slightly. 

Lemma 3.3.6. For any j > 2k the families 

{«„ G Sel^ (n) (K,T k ) | n G ^ ndcfinitc } { \ n e R k \ n G m dc&nitc } 

form a free Euler system of odd type for (T k , T , £j). 

Proof. Fix n G m° dd = mf dcfinitc and j > 2k. We must show that there is a free 
rank one i?fc-submodule of Selj^n)^; T k ) containing K n . By Proposition 12.2.71 we 
may decompose 

Sel^ (n) (K, Tj)^R 3 ®N®N Sel^ (n) {K,T k ) = R k ®M® M. 

Let m be the maximal ideal of Orp and fix a uniformizcr ir. Let e be the ramification 
degree of 0<p, so that R k has length ek. If m efc_1 M ^ then n n = by Proposition 
12.3.51 and there is nothing to prove. Assume therefore that m efc ~ 1 M = 0. Lemma 
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12.2.61 gives a commutative diagram 

Sel nn) (K,T 3 ) > Sel^^T,)^] 




Sel^ (n) (X,T fe ). 

The diagonal isomorphism implies that m efc_1 • Sel_p( tt ) (K , Tj)[m ek ] is a cyclic mod- 
ule, and so m efc_1 iV = 0. But j > 2k then implies that the image of N under the 
vertical arrow is zero, and hence the image of the vertical arrow is free of rank one. 
Since K n is contained in this image, the claim is proved. □ 

Now fix j > 2k. Since 9tf cn = ^finite the empty product lics in graven if and 
only if e(N~) = — 1. If this is the case, then applying Theorem 12.5.11 with n = 1 
tells us that Se\jr(K,T k ) = M © M with 

lengthy (M ) + % (k, j) = ind(Xi ,R k ) = ind(A°° , O v /p k O v ). 

In particular, since the right hand side is < k, (ITU1) implies that M © M = 
SeU v (X, W<p). We conclude 

lengthy (Sdr v (K,W v )) + 2 ■ 5 v (k,j) = 2 ■ lengthy (O^/O^A 00 ). 

Now consider the case e(N~) = 1. First note that Theorem 12.5.11 (again with 
n = 1) tells us that Se\jr(K, T k ) = R® M ® M with 

lengthy (M) + 5 v {k,j) = ind^Sel^Tfc)). 

As above, this implies that lengthy (M) < k. Combining this with (ITU1) tells us 
that 5<p = l^m k Se\jr v (K,W<^)[p k ] is a torsion- free rank-one Otp-module. By [TU1 
Lemma 3.7.1] the reduction map 

Sp/p fe «%->SeMX,T fe ) 
is injective, and it follows from Theorem 12 . 5 . 1 1 that 
lengthy (Sel^ (K, Wqj) /div ) + 2<%(fc,j) = lengthy (M ® M) + 2<%(fc, j) 

= 2-ind(7« 1 ,Sel^(^,r fc )) 
= 2 ■ lengthy (Sy/SyK 00 ). 
Now take j oo. This completes the proof of Proposition 13.3.31 □ 

3.4. Proof of Theorem 13.2.31 The theorem is reduced to Proposition 13.3.31 ex- 
actly as in the proof of Theorem 5.3.10 of [TP] , 

Assume that k°° or A°° is nonzero, depending on whether we are in the case 
e(N~) = 1 or —1. Since S is a finitely generated torsion-free A-module (Lemma 
13.2. 2j) . if e(N~) = 1 it is easily seen that the image of k°° in S/tyS is nonzero for 
all but finitely many height-one primes *}3. Similar comments hold for A°° when 
e(N~) = —1. Fix a finite set Ea of height one primes of A as in Proposition 13.3.11 
large enough that Sa contains pA and all prime divisors of the characteristic ideal 
of the torsion submodule of X, and large enough that the special element (j6)) has 
nonzero image in S/tyS or A/*}3A for all *}2 ^ Sa- 

Fix any *}3 ^ Sa and suppose e(N~) = 1. By Proposition 13.3. ll k°° has nonzero 
image in Selj^ [K, T<p). Proposition 13.3.31 then implies that Seljr^ (K, Trp) and 
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Seljr^ (if, W«p) have rank and corank one (respectively) as Otp-modules. It now 
follows from Proposition 13.3.11 that 

rankA<S = ranko^ (<S ®a Cqs ) = 1 

and similarly for X. The case e(N~) = — 1 is similar, and this completes the proof 
of (a). 

Let be any height-one prime of A different from pA, and let / 6 A be a 
distinguished polynomial which generates *p. For each positive integer to set = 
(/ + p m )A. For to > 0, *p m is a prime ideal £ S A with A/*p = A/*p m as rings 
(by Hensel's lemma). Arguing as in the proof of Theorem 5.3.10 of [1^ and using 
Proposition 13.3.11 we obtain 

length Zp (Seljr«p m (K, W«p m )/ dlv ) = m rankz p (Oqj) • ordtp(char(X A „ tors )) 

up to O(l) as to varies. Similarly, writing S<$ m = Selyy_ (K, T<p m ), 

length Zp (5q 3m /Oq 3m K 00 ) = to rank Zp (e><p) • ordqj (char(5/AK°°)) 
length Zp A°°) = to rank Zp (0<p) • ord<p(A 00 ) 

when e(N~) = 1 or —1, respectively, up to O(l) as to varies. Proposition 13.3.31 
(with k 3> 0) gives the inequality 

lengthy (Sel^ m (K,Wy m ) /dW )+2ed? (Sm (k) = 2 • lengthy (S Vm /0 Vm k°°) 
lengthy (ad.^ tm (K,W v J)+2eS Vn {k) = 2 • lengthy (<% m /<% ro A°°) 

(again, when e(N~) = 1 or —1, respectively) where e is the absolute ramification 
degree of 0<$ m , which is independent of to. As (% m (fc) > 0, letting m — > oo proves 
the inequality of (b) when ^ pA. 

We show that under the additional hypothesis of (c) the value of <% m (fc) is 
bounded as to and k vary. For every j > ko let n(j) £ 9G eflmte be such that A n (j) 
has nonzero image in A/(*}3,p feo ). Then A n Q) has nontrivial image in A/(9p m ,p °) 
for all m > ko- Define C m to be the cokernel of A/^3 m Osp m - The groups C m 
are finite, and up to isomorphism do not depend on to. If k\ is large enough that 
pkx-ko j^-jjj s (j m> th en we have the exact and commutative diagram 

C m \p k i] A/(*p m ,p fc i) >- O v ,Jp k ^O Vm 

o 

C m { P k °] A/(y m ,p k °) > Vm / P k «0 Vm . 

It follows that \ n (j) has nontrivial image in Orp m /p kl Orp m for all j > k\. For 
j > k > k\ we then have 

<% m (fc,i) < ind(A n(i) ,0^ m /p fc Op m ) < eki, 

hence &p m (A;) < ek\ for all k > k\ and any m > kg. 

Finally, if *p = pA, one instead takes ty m = ((7 — l) m + p)A for some generator 
7 € T and a similar argument holds. This completes the proof of Theorem 13.2.31 
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